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Executive Summary: 
The design standard ISO 10211 provides four thermal problems; a square column, a 
composite structure, a multi-environment building envelope and an iron bar penetrating an 
insulation layer. Each test case is described in a standard summary, which includes 
benchmark target solutions. A numerical code is considered as compliant with the 
aforementioned standard, providing the solutions for the test cases are within the tolerances 
for set physical point temperatures and total heat flow. Analyses were conducted using 
CalculiX suite, an open source code that can build, solve and post-process finite element (FE) 
models. All FE models were discretized with both first and second order elements and their 
results compliant with the reference solutions. 
 
 
 
 
Disclaimer: 
This document was prepared for research purposes. The authors make no warranty for the 
accuracy or validity of the information contained in this report. The authors or any agency 
cannot be held responsible for any errors or inaccuracies in this report. This is an independent 
report and it does not necessarily constitute or imply its endorsement by CalculiX code 
developers or the International Organization for Standardization. 
 
 
Copyright: 
The content of this work is protected by copyright, with all rights reserved. This technical 
report is released under a Creative Commons License.  
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Terms, definitions and symbols: 
 
Symbol Definition Unit 
𝐴 Area m2 
ℎ Heat transfer coefficient W (m2.K)⁄  
𝑙 Length m 
𝑅 Thermal resistance m2.K W⁄  
𝑇 Thermodynamic temperature K 
𝜎 Stefan-Boltzmann constant W (m2K4)⁄  
𝜆 Thermal conductivity W (m.K)⁄  
 
 
 
CEN Comité Européen de Normalisation 
FEA Finite Element Analysis 
ISO International Organization for Standard 
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Introduction: 
Thermal bridges generally occur when poor thermal insulating materials provide a pathway 
for heat flow across highly insulating materials. These have to be eliminated or reduced to 
minimize heat losses. The design standard ISO 10211 [1] sets out the specifications for 
numerical calculations involving thermal bridges to assess overall heat losses and minimum 
surface temperatures in buildings. In order to ensure the calculations are accurately 
performed, the relevant standard [1] clearly states: 
 
In order to be classified as a three-dimensional steady-state high precision 
method, a calculation method shall give results corresponding to those of 
the test reference cases 1, 2, 3, and 4, represented respectively in Figures 
A.1, A.2, A.3 and A.4. 
In order to be classified as a two-dimensional steady-state high precision 
method, it shall give results corresponding to those of the test reference 
cases 1 and 2, represented respectively in Figures A.1 and A.2. 
ISO 10211:2007 (reference [1], p30) 
 
A set of four example test cases together with their thermal analysis data is in reference [1]. 
Here criteria are presented for verification of the calculation codes and their estimates of 
temperatures and total heat flow rates. In this report the results of the calculation code 
CalculiX CrunchiX (ccx) [2] were compared for each cited example in reference [1]. Post-
processing was conducted in CalculiX GraphiX [3]. This publication was prepared for 
research purposes and to satisfy the set criteria for ccx code verification requirement. The 
remainder of this report contains details of benchmark tests. Each test case is presented with a 
description of model geometry and applied boundary conditions. The test cases 1 and 2 are 
two-dimensional problems, and were discretized with both quadrilateral and triangular finite 
elements. Test cases 3 and 4 are three-dimensional problems; these were discretized with 
hexahedral and tetrahedral finite elements. 
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1. A square column 
Case 1 is a heat transfer analysis through a square column. Due to symmetrical nature only 
half the geometry is modelled in two-dimensions. The model geometry is shown in Figure 
1-1. AD is a symmetry axis. Analytical solution exists for temperatures at 28 points of an 
equidistant grid with 50mm spacing. The point temperatures are independent of the square 
dimensions. 
 
 
Figure 1-1: Geometry of test case 1 
 
Case 1: A square column   
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1.1 Material properties 
Thermal conductivity = 1 W/m. K 
1.2 Boundary conditions 
Edges, BC, CD, temperature = 0°C 
Edge AB, temperature = 20°C 
No heat flux perpendicular to edge AD 
1.3 Elements tested 
CPS3 
CPS4 
CPS6 
CPS8 
1.4 Reference solution and FE results 
The temperature at 28 reference points as provided in reference [1] is shown in Figure 1-2.  
The FE results are provided in Table 1-1. In all cases the difference in temperature is within a 
0.06°C margin of the reference. 
 
Case 1: A square column   
4 
 
 
Figure 1-2: Reference points and expected temperatures 
Point numbers are shown in red and expected reference values in black 
Temperatures in °C 
 
 
 
 
 
 
Case 1: A square column   
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Point No 
Reference 
value (°C) 
CALCULIX results (°C) 
CPS3 CPS4 CPS6 CPS8 
P1 9.7 9.66 9.73 9.66 9.65 
P2 13.4 13.37 13.41 13.38 13.38 
P3 14.7 14.72 14.75 14.73 14.73 
P4 15.1 15.08 15.10 15.09 15.09 
P5 5.3 5.26 5.26 5.25 5.25 
P6 8.6 8.64 8.66 8.64 8.64 
P7 10.30 10.31 10.33 10.32 10.32 
P8 10.8 10.80 10.83 10.81 10.81 
P9 3.2 3.19 3.19 3.19 3.19 
P10 5.6 5.61 5.62 5.61 5.61 
P11 7.0 7.01 7.03 7.01 7.01 
P12 7.5 7.46 7.48 7.47 7.47 
P13 2.0 2.02 2.02 2.01 2.01 
P14 3.6 3.64 3.64 3.64 3.64 
P15 4.7 4.66 4.66 4.66 4.66 
P16 5.0 5.0 5.01 5.00 5.00 
P17 1.3 1.26 1.26 1.26 1.26 
P18 2.3 2.31 2.31 2.31 2.31 
P19 3.0 2.99 2.99 2.99 2.99 
P20 3.2 3.22 3.22 3.22 3.22 
P21 0.7 0.74 0.74 0.74 0.74 
P22 1.4 1.36 1.36 1.36 1.36 
P23 1.8 1.77 1.77 1.77 1.77 
P24 1.9 1.91 1.91 1.91 1.91 
P25 0.3 0.34 0.34 0.34 0.34 
P26 0.6 0.63 0.63 0.63 0.63 
P27 0.8 0.82 0.82 0.82 0.82 
P28 0.9 0.89 0.89 0.89 0.89 
Table 1-1: Comparison of case 1 reference and FE results 
 
Case 1: A square column   
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Figure 1-3: Temperature (°C) contours of case 1 (CPS4 elements) 
 
1.5 Input files 
File name Element type 
Case1CPS3.zip CPS3 
Case1CPS4.zip CPS4 
Case1CPS6.zip CPS6 
Case1CPS8.zip CPS8 
Table 1-2: Case 1 input files 
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2. A composite structure 
Case 2 geometry is shown in Figure 2-1. It is constructed with four widely varied thermal 
conductivities of (1) 1.15, (2) 0.12, (3) 0.029 and (4) 230 W/m.K. 
 
 
 
Figure 2-1: Geometry of case 2 
Dimensions in mm; figure not to scale 
2.1 Boundary conditions 
Edge AB; convection to ambient temperature of 0°C with surface resistance 0.06 m2. K/W. 
Edge HI; convection to ambient temperature of 20°C with surface resistance 0.11 m2. K/W. 
No heat flux perpendicular to edges AH and BI. 
2.2 Elements tested 
CPS3 
CPS4 
CPS6 
CPS8 
Case 2: A composite structure 
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2.3 Reference solution and FE results 
The temperatures at nine particular reference points are shown in Figure 2-2. The FE results 
obtained with plane-stress elements are in Table 2-1. In all cases, comparing FE results to 
reference [1] values, temperature and total heat flow rate differences are within a 0.05°C and 
0.03 W/m respectively. 
 
 
 
Figure 2-2: Reference solution for case 2 
Values in °C; figure not to scale 
 
 
Case 2: A composite structure 
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Element 
Type 
Point temperatures (°C) 
Total 
heat-flow rate 
(W/m) 
A B C D E F G H I 
CPS3 7.10 0.76 7.93 6.28 0.83 16.38 16.31 16.75 18.33 9.526 
CPS4 7.08 0.76 7.91 6.25 0.83 16.40 16.32 16.76 18.33 9.508 
CPS6 7.08 0.76 7.91 6.25 0.83 16.40 16.32 16.76 18.33 9.505 
CPS8 7.07 0.76 7.91 6.25 0.83 16.40 16.33 16.76 18.33 9.500 
Table 2-1: FE results for case 2 
 
 
  
Case 2: A composite structure 
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Figure 2-3: Temperature (°C) contours of case 2 (CPS4 elements)
Case 2: A composite structure 
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2.4 Input files 
File name Element type 
Case2CPS3.zip CPS3 
Case2CPS4.zip CPS4 
Case2CPS6.zip CPS6 
Case2CPS8.zip CPS8 
Table 2-2: Case 2 input files 
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3. A multi-environment building envelope  
Case 3 geometry is shown in Figure 3-1. The model consists of five different materials, as 
shown in Figure 3-2, with thermal conductivities (1) 0.7, (2) 0.04, (3) 1.0, (4) 2.5 and (5) 
1.0 W/m.K. 
 
 
Figure 3-1: (a) Horizontal and (b) vertical sections of test case 3 
Dimensions in mm; figure not to scale 
Case 3: A multi-environment building envelope 
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Figure 3-2: Test case 3 materials 
3.1 Boundary conditions 
The three different environments assigned to the geometry of case 3 are shown in Figure 3-3. 
 
(a) Environment α: convection to ambient temperature of 20°C with surface 
resistance 0.20 m2. K/W. 
(b) Environment β: convection to ambient temperature of 15°C with surface 
resistance 0.20 m2. K/W. 
(c) Environment γ: convection to ambient temperature of 0°C with surface 
resistance 0.05 m2. K/W. 
 
Case 3: A multi-environment building envelope 
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Figure 3-3: Illustrations of environments (a) α (b) β and (c) γ 
  
Case 3: A multi-environment building envelope 
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3.2 Element types tested 
C3D8 
C3D20 
C3D4 
C3D10 
3.3 Reference solution and FE results 
The FE and reference [1] results are compared in Table 3-1. The differences between the 
reference and lowest surface temperatures in both environments α and β are less than 
0.036°C. The total heat flow in environments α, β and γ are within a 0.25% margin of 
reference values. 
 
Case 3: A multi-environment building envelope 
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Quantity Reference value 
CalculiX results 
Hexahedral elements Tetrahedral elements 
C3D8 C3D20 C3D4 C3D10 
Minimum temperature on α (°C) 11.32 11.3559 11.3325 11.2849 11.3269 
Minimum temperature on β (°C) 11.11 11.1421 11.1229 11.1221 11.1343 
Total heat-flow through α (W) 46.09 46.2058 46.1079 46.2832 46.1114 
Total heat-flow through β (W) 13.89 13.9235 13.8982 13.9629 13.8994 
Total heat-flow through γ (W) 59.98 60.1294 60.0061 60.2461 60.0109 
Table 3-1: Comparison of case 3 reference and FE results 
 
  
Case 3: A multi-environment building envelope 
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Figure 3-4: Case 3 temperature (°C) contours (C3D8 elements) 
Case 3: A multi-environment building envelope 
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3.4 Input files 
File name Element type 
Case3C3D8.zip C3D8 
Case3C3D20.zip C3D20 
Case3C3D4.zip C3D4 
Case3C3D10.zip C3D10 
Table 3-2: Case 3 input files 
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4. An iron bar penetrating an insulation layer 
Case 4, shown in Figure 4-1, is a thermal bridge where a highly conductive iron bar 
penetrates an insulation layer and is exposed to exterior environment. The model is 
constructed with two materials (viz: insulation and iron) with thermal conductivities of  0.1 
and 50.0 W/m.K respectively. 
 
 
Figure 4-1: Geometry of test case 4  
Dimensions in mm 
4.1 Boundary conditions 
The external and internal environments assigned to the geometry of case 4 are shown in 
Figure 4-2. 
 
(a) Convection to ambient external temperature of 0°C with surface resistance 
0.10 m2. K/W. 
(b) Convection to ambient internal temperature of 1°C with surface resistance 
0.10 m2. K/W. 
  
Case 4: An iron bar penetrating an insulation layer 
 
20 
   
 
 
Figure 4-2: (a) External (yellow) and (b) internal (green) environments 
Case 4: An iron bar penetrating an insulation layer 
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4.2 Element types tested 
C3D8 
C3D20 
C3D4 
C3D10 
4.3 Reference solution and FE results 
CalculiX highest surface temperatures and total heat flow values are compared with reference 
[1] in Table 4-1. The total heat flow is within 0.3% of the reference values in relevant 
standard ISO 10211 [1]. A maximum difference of 0.0039°C has been noted between FE 
results and the reference. 
 
 
 
 
 
Case 4: An iron bar penetrating an insulation layer 
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Quantity Reference value 
CalculiX results 
Hexahedral elements Tetrahedral elements 
C3D8 C3D20 C3D4 C3D10 
Highest surface temperature on 
the external side 
0.805°C 0.8011 0.8028 0.8022 0.8037 
Total heat flow 0.540 W 0.5416 0.5407 0.5409 0.5402 
Table 4-1: Comparison of case 4 reference and FE results 
 
 
 
  
Case 4: An iron bar penetrating an insulation layer 
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Figure 4-3: Case 4 temperature (°C) contours (C3D8 elements) 
Case 4: An iron bar penetrating an insulation layer 
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4.4 Input files 
File name Element type 
Case4C3D8.zip C3D8 
Case4C3D20.zip C3D20 
Case4C3D4.zip C3D4 
Case4C3D10.zip C3D10 
Table 4-2: Case 4 input files 
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